DIMENSIONS OF ANISOTROPIC INDEFINITE QUADRATIC 
FORMS II — THE LOST PROOFS 



DETLEV W. HOFFMANN 

Abstract. Let F be a field of cliaracteristic different from 2. Tlie w-invariant and 
tlie Hasse number m of a field F are classical and important field invariants per- 
taining to quadratic forms. These invariants measure the suprema of dimensions 
of anisotropic forms over F that satisfy certain additional properties. 

We construct various examples of fields with infinite Hasse number and pre- 
scribed finite values of u that satisfy additional properties pertaining to the space 
of orderings of the field. We also construct to each n G N a real field F such that 
u{F) = T^^^ and each quadratic form over F of dimension 2" -I- 1 is a Pfister 
neighbor. These results were announced (without proof) in [H4j . 



1. Introduction 

Throughout this paper, fields are assumed to be of characteristic different from 
2 and quadratic forms over a field are always assumed to be finite-dimensional and 
nondegenerate. In this article, we prove some of the results announced without proof 
in |H4j . We refer to that article (and to [L]) for all terminology used in the present 
paper. 

In the next section, we construct real fields F with Hasse number 'u(-F) = oo 
for each possible pair of values (p, m) such that p(-F) = p and u{F^ = u (where 
p{F) resp. u{F) are the Pythagoras number resp. u-invariant of F) and such that 
in addition F satisfies SAP but not the property or vice versa, F satisfies Si but 
not SAP. 

Recall from |H4j that a field F is said to have property PN[n) if each form of 
dimension 2" -|- 1 over F is a Pfister neighbor. It was shown there that all fields F 
with u{F) < 2" have property PN{n), and if F is a field with PN{n), n > 2, then 
u{F) < u{F) < 2" or 2"+^ < u{F) < u{F) < 2"+^ + 2" - 2. We conjecture that 
each field with PN{n), n > 2, satisfies u{F) < 2" or u{F) = 2"+\ In the third 
section, we construct to any n > 2 a real field that satisfies PN{n) and u{F) = 2"+-^, 
showing that the conjectured upper bound can in fact be realized for real fields. 
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All our constructions use variations of Merkurjev's method of iterated function 
fields. 

2. Fields with finite m-invariant and infinite Hasse number 

In |EPt §5], one finds examples of non-SAP fields F with prescribed u-invariant 2", 
n > 1. These examples were obtained using the method of intersection of henselian 
fields (cf. |P2] ). In this section, we will apply Merkurjev's method of constructing 
fields with even w-invariant and modify it in a way such that these fields will be real 
and such that either they will be non-SAP or they will not have the property 5*1. 
Since fields with finite hasse number are always SAP and 5*1, the fields we contruct 
will have inifinte Hasse number. It furthermore illustrates the independence of the 
properties SAP and Si. 

Let us first recall some well known results and some special cases of Merkurjev's 
index reduction theorem which we will use in the sequel. We refer to [M], [I] for 
details. See also [Q Ch. V.3] for basic results on Clifford invariants c(g) G2 Br(F) 
for quadratic forms q over F and how to compute them, and [Q Ch. X] for basic 
results on function fields F{q) of quadratic forms q over F. 

Lemma 2.1. (i) Let Qi = {ai,bi), 1 < i < n, be quaternion algebras over F 
with associated norm forms {{ai,bi)) G P2F. Let A = i^^^^Qi (over F). 
Then there exist ri & F* , 1 < i < n, and a form q G PF, dimg = 2?2 -|- 2 
such that c{q) = [A] G Br2 -F and q = Y17=i^i{{^ij^i)) WF. (We will call 
such a form q an Albert form associated to A.) Furthermore, if A is not 
Brauer equivalent to a product of < n quaternion algebras (in particular if A 
is a division algebra), then every Albert form associated to A is anisotropic. 

(ii) If q is a form over F with either dimg = 2n + 2 and q G PF, or dimg = 
2n + 1, or dimg = 2n and d±q 7^ 1, then there exist quaternion algebras 
Qi = {ai,bi) , 1 < i < n, such that for A = (^"^^^ Qi we have c{q) = [A], and 
there exists an Albert form (p associated to A such that q G (f. 

(iii) If A is a division algebra and if ip is a form over F of one of the following 
types: 

(a) dimip > 2?t, -|- 3, 

(b) dim?/) = 2?T, -|- 2 and d±il) 7^ 1, 

(c) <lim.%l) = 2n + 2, d±ijj = 1 and c{ijj) ^ [A] G Bra F, 

(d) 4j G I^F, 

then A stays a division algebra over F [if)). 

Let us also recall some basic facts on the property SAP and weakly isotropic forms 
which we will use and which are essentially well known. Recall that a form q over 
F is called weakly isotropic if n x g is isotropic for some n > 1 (over nonreal F, all 
forms are clearly weakly isotropic as WF = WtF), 
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Lemma 2.2. (i) F is SAP if and only if for every a, b & F* the form {1, a, b, —ab) 
is weakly isotropic. 

(ii) Suppose that a,b ^ F* are such that (1, a, b, —ab) is not weakly isotropic. Let 
t G Dp{oo). Then {l,a,b, —O'b)^^^^-^ is not weakly isotropic. 

Proof, (i) See [Ell Satz 3.1], [ELPl Th. C]. 

(ii) Suppose (1, a, 6, —ob)pf^^-^ is weakly isotropic. Then there exists an integer 

n > 1 such that n x (1, a, 6, —ci'b)p^^-^ is isotropic. The isotropy over F{\/t) implies 
that n X {l,a,b, —ab) contains a subform similar to {1,—t) (see, e.g., pi Ch. VII, 
Th. 3.1]). Since t is totally positive, it can be written as a sum of, say, m squares in 
F. But then m x (1, —t) is isotropic. Hence mn x (1, a, b, —ab) is isotropic and thus 
(1, a, b, —ab) is weakly isotropic. □ 

Corollary 2.3. Suppose that a,b G F* are such that {l,a,b, —ab) is not weakly 
isotropic. 

(i) Let Fpyth he the pythagorean closure of F ( inside some algebraic closure of 
F). Then (l,a, 6, —ab)p is not weakly isotropic. In particular, if F is not 
SAP, then Fpyth is not SAP. 

(ii) Letip be a form over F such thatip is isotropic over Fpyth- Then (1, a, b, —oh)p(^^-^ 
is not weakly isotropic. In particular, if F is not SAP, then F{il)) is not 
SAP. This is always the case if ip contains a subform r, dimr > 2, such that 

I sgnp(r)| < 1 for all orderings P of F. 

Proof, (i) follows immediately from the previous lemma and the fact that Fpyth can 
be obtained as the compositum of all extensions K/F (inside an algebraic closure 
of F) which are of the form F = Fq G Fi G F2 G . . . G Fn = K for some n, where 
Fj+i = Fi{^yl + af) for some a, G Fj. 

(ii) Since ip is isotropic over Fpyth, the extension Fpyth{ip) / Fpyth is purely transcen- 
dental. Then (1, a, 6, — a6) p, is not weakly isotropic because (1, a, 6, — afe) p, 

' pythK.'r ) ^ ' pyth 

is not weakly isotropic and because anisotropic forms (here, n x {l,a,b, —ab) p ^^) 
stay anisotropic over purely transcendental extensions. 

Now suppose ip has a subform r with dim r > 2 and | sgnp(r) | < 1 for all orderings 
P of F. Since dimr = sgnp(r) (mod 2), we have two cases. If sgnp(r) = for all 
P, then T G WtF. Hence tf^^^^ is hyperbolic and 'ipFpyth is isotropic. 

If I sgnp(r)| = 1 for all P (which implies that dimr is odd and > 3), then let d G 
F* such that q = t L (d) G PF. It follows readily that in fact q = t ± {d) G ifF. 
Thus, qPpyth is hyperbolic and the codimension 1 subform rp^^^^ is isotropic. Again, 
ip Fpyth is isotropic. □ 

Theorem 2.4. Let be the set of pairs of integers {p,u) such that either p = 1 
and u = 0oru = 2n>2"^>p>2 for some integers m and n. Let M = 
M' U {{p, 00); p >2 or p = 00}. 



4 



D.W. HOFFMANN 



(i) If F is a real field, then {p{F),u{F)) G Af . If in addition I^F = then 
p{F) < 2^-^. 

(ii) Let E he a real field and let {p, u) G M . Then there exists a real field extension 
F/E such that F is non-SAP, F has property Si and {p{F),u{F)) = {p,u). 
In particular, u{F) = oo. 

(iii) Let E be a real field and let {p,u) G A/" such that p < 2^^^ , k > 1. Then there 
exists a real field extension F/E such that F is non-SAP, F has property Si, 
I^F = and {p{F),u{F)) = {p,u). In particular, u{F) = oo. 

Proof, (i) Clearly, u{F) is either even or infinite. It is also obvious that p{F) = 1 
implies u{F) = 0. If p{F) > 2^~^ {i > 1) then there exists an x G Dp{oo) such 
that 2^~^ X (1) ± {—x) is anisotropic. This form is t.i. and a Pfister neighbor of 
((— 1, . . . , —l,x)) G PeF which is therefore torsion and anisotropic. Hence I^F ^ 
and m(-F) > 2^. This yields the claim. 

(ii) First, let us remark that if uiF^ < 2, then F automatically has property 5*1. 
In fact, 5*1 means that to each torsion binary form /3 over F there exists an integer 
n > 1 such that {n x (1)) ± /3 is isotropic. But if u{F) < 2, then (1) X /3 is 
isotropic as it is a Pfister neighbor of some torsion 2-fold Pfister form which itself is 
hyperbolic as I^F = 0. 

To realize the value {p,u) = (1,0), let Fq be the pythagorean closure of E. Con- 
sider the iterated power series field F = Fo{{x))([y)). By Springer's theorem (cf. 
[Ll Ch. VI, §1]), u{F) = 2'^u{Fo) = and p{F) = p{Fo) = 1. Note that we have 
WtF = ItF = 0. Furthermore, F is not SAP as (1, x, y, —xy) is not weakly isotropic. 

To get the non-SAP field F with p{F) = u{F) = 2, let Fi = Fo(x, y) be the ratio- 
nal function field in two variables. Note that again Fi is not SAP as {l,x,y, —xy) 
is not weakly isotropic. Let (p = (1, —(1 + x"^)), which is anisotropic and torsion as 
1 + G Di?^(oo) \ Ff. We now construct an infinite tower Fi G F2 G . . . such that 
over each Fj, stays anisotropic and {l,x,y, —xy) will not be weakly isotropic. 

The construction is as follows. Having constructed Fi with the desired properties, 
z > 1, let -Fj+i be the compositum of all function fields of 3-dimensional t.i. forms 
over Fi. Since anisotropic 2-dimensional forms stay anisotropic over the function 
fields of forms of dimension > 3 (see, e.g. [Hit Th. 1]), ip will stay anisotropic 
over Fj+i. By Cor. 12. 3[ (1, x, y, —xy) will not be weakly isotropic over Fj+i. Now let 
F = Ui^i ^i- The above shows that ipp is anisotropic so that in particular u{F) > 2, 
and (1, X, y, —xy)p is not weakly isotropic so that F is not SAP. Let q G P2F P\WtF . 
Any 3-dimensional subform of q is t.i. and thus isotropic by construction of F . Thus, 
q is hyperbolic. In particular, I^F = as I^F is generated as an ideal by torsion 
2-fold Pfister forms (cf. [ELTI Th.2.8]). By [EL2l Prop. 1.8], this implies u{F) < 2 
and thus u{F) = p{F) = 2. Clearly, I^F = 0. 

To get those values {p, u) of N with m > 4, we use a construction quite similar to 
that in the proofs of [El Th. 2, Th. 3]. 
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So let p > 2, Fi = Fo(xi,X2, . . . ,yi,y2, ■ ■ •) be the rational function field in an 
infinite number of variables Xi,yj over Fq. Clearly, Fi is not SAP as, for example, 
the form q = (1, Xi,X2, —X1X2) is not weakly isotropic. Let a = 1 + x\ + . . . + Xp_i 
and let <y9 = (1, . . . , 1, —a) which is anisotropic by a well known result of Cassels (cf. 
p-i 

[Lt Ch. IX, Cor. 2.4]). Let n > 2 and consider the multiquaternion algebra 

Ar, = {l+ Xl, yi) (g) . . . ® (1 + xl_^, Vn-l) 

over Fi. Then A is a division algebra over Fi and it will stay a division algebra over 
Fi(a/— 1) (see, e.g. |H2l Lem. 2]). By Lemma IZTI there exists a 2n-dimensional form 
il)n such that in WFi we have ipn = + for suitable q G Fj*. 

Since l + x1_^ G -Dfi (00), the forms ((1 + x'j_^, Vi-i)) are torsion and thus ipn ^ ^t^i- 
Furthermore, ipn is anisotropic as is division (this stays true over Fi{y/^)). 

Let now n > 2 and p > 2 be such that 2n > 2"^ > p for some integer m. 
Suppose that K is any real field extension of Fi such that qx is not weakly isotropic, 
(y4„)^(^3T) is division and ipx is anisotropic. Consider the following three types of 
quadratic forms over K: 

Ci(K) = -b)\bE DKioo)} , 

p 

C2{K) = ± /3 I dim/3 = 2, /3 e WtF} , 

2p 

CsiK) = {a\ae WtK, dima > 2n + 2} . 

Let p G Ci{K) UC2{K) UCs^K). Then {An)K{p){^^) is division so that in particular 
{ipn)K(p) is anisotropic. For p G Ci{K), i = 1,2, this follows as Pk{./^) is isotropic 
(recall that in this case (1,1) C p) and therefore K{p){^/^A) = K{\^^){p) is 
purely transcendental over K{\/—1). In the case p G Cs{K) this is a consequence of 
Lemma I2.1( iii). 

Also, ^Pk{p) is anisotropic. This follows from |H3t Cor.] if p G Ci{K), and from 
[Hit Th. 1] by comparing dimensions if p G Ci{K), i = 2,3. 
q will not be weakly isotropic over K{p) by Corollary 12.31 

As before, we now construct a tower of fields Fi C -F2 C . . . as follows. Having 
constructed Fi, we let Fj+i be the compositum of all function fields of forms in 
Ci(Fj) U C2{Fi). Let F = [Ji^i ^i- By the above, (V'n)^ is anisotropic (and torsion), 
so that u{F) > 2n. On the other hand, torsion forms of dimension > 2n will be 
isotropic by construction. Thus u{F) = 2n. 

!fF is also anisotropic. Hence p{F) > p. By construction, all forms in Ci{F) are 
isotropic and thus p{F) = p. 

qp is not weakly isotropic and therefore F is not SAP. In particular u{F) = 00. 

Finally, F has property 5*1 as all forms in C2{F) are isotropic by construction. 
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To obtain the values {p, oo) with p > 2, we do the same construction as before, 
but this time only with forms in Ci{F), i = 1,2. This will again yield a non-SAP 
field F with property Si and with p{F) = p. However, this time we have that (An) f 
will be a division algebra for each n > 2, so that {ipnjF will be an anisotropic torsion 
form of dimension 2n for each n > 2. In particular, u{F) = oo. 

Finally, to obtain (oo,oo), construct first a non- SAP field which is and 
with {p{F),u{F)) = (2, oo) and anisotropic 2n-dimensional torsion forms ipn, n>2 
and the t.i. form q that is not weakly isotropic, as done above. Then repeat this 
construction for p = A starting with F^^^ as base field to get a non-SAP field F^'^'^ 
which is 5*1 and with {p{F),u{F)) = (4, oo). Note that in this step, the forms ipn 
will stay anisotropic over F^'^^ and q will not become weakly isotropic. Thus, we 
get a tower F^^) C F^^) c F^^) c F^^) C ... with (p(F«), m(F«)) = (2*,oo). Let 

The above shows that ijjn will stay anisotropic over F^°°^ for all n > 2, so 
u{F^'^^) = oo. Clearly, by construction, F^°°^ will be 5*1, and also non-SAP since q 
will not become weakly isotropic. Finally, over F^^\ since p{F^'^'>) = 2*, there exists a 
sum of squares Xi G F^*^ such that /ij := (2* — 1) x (1) 1_ (— Xj) is anisotropic. Since 
F*^*"*"^) (and subsequently F^'^\ m > i) is obtained by iteratively taking function 
fields of forms of dimension > 2*"*"^, the anisotropic 2*-dimensional form /ij will stay 
anisotropic over each F^'^\ m > i (see, e.g., |Hll Th. 1]), and thus also over 
showing that p(F^°°^) > 2* for each i, hence p{F^°°^) = oo. 

(iii) If < 2 then IfF = and thus u{F) < 2. These cases have already been 
dealt with in the proof of (ii). So suppose that A; > 3. We repeat the steps in (ii), 
but when taking composites of function fields, we now include also function fields 
of forms in 

Ci{K) = {a\ae I^K, dim a > 2^=} 

in addition to those in Cj, 1 < i < 3 (resp. Ci, C2 in the case u = 00). Since by 
the Arason-Pfister Hauptsatz, we have that anisotropic forms in I^F must be of 
dimension > 2^, we immediately see that by construction JfF = 0. 

{An)F will still be a division algebra by Lemma I2.1( iii) as we only consider in 
addition function fields of forms in with k > 3. Thus, ipn will be anisotropic as 
above and we get again that u{F) = u. Since dim 9? = p < 2^~^, it follows from \B.1\ 
Th. 1] that ifF will still be anisotropic as we only consider in addition function fields 
of forms which have dimension > 2''. We conclude similarly as above that p{F) = p. 

Using the same reasoning as above, Cororollary 12.31 implies that qF is not weakly 
isotropic and therefore F is not SAP, so that in particular u{F) = 00. Obviously, F 
will again have the property Si. □ 

Remark 2.5. In [EPl § 5], examples of real fields F with u{F) = 2" have been 
constructed for each integer n > 1 with the property that u{F{y/a)) = 00 and 
p(F(y^)) = 2. m(F(v/S)) = 00 implies that F is non-SAP by (EPl Cor. 2.4]. It is 
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also indicated how to obtain such a field which does not satisfy 5*1 (resp. certain 
properties which generalize Si), see |EP[ Rem. 5.3]. 

We will now construct real SAP fields F such that u{F) = oo and u{F) = 2n for 
a given n. First, we note that it will be impossible to realize such examples for all 
values in N' (cf. Theorem 12. 4p . 

Proposition 2.6. Let F be real and SAP. If u{F) < 2 then u{F) = u{F). 

Proof. As remarked in the proof of Theorem 12.41 u{F) < 2 implies that F has 
property ^i. Since F is SAP by assumption, we thus have u{F) < oo. Now p{F) < 
u{F) < 2, and by [H Cor. 3.7, Rem. 3.8] we have u{F) = u{F). □ 

Theorem 2.7. Let be as in Theorem \2.4\ 

(i) If F IS a real SAP field with u{F) = oo, then u{F) > 4 and {p{F),u{F)) e 
Af. Furthermore, I^F ^ 0. If in addition ij^F = 0, k >3, thenp{F) < 2^~^ . 

(ii) Let E be a real field and let {p,u) G TV with u > 4. Then there exists a real 
field extension F/E such that F is SAP, F does not have property Si and 
{p{F),u{F)) = {p,u). In particular, u{F) = oo. 

(iii) Let E be a real field and let {p,u) G Af with u > 4 and such that p < 2}^~^ , 
k > 3. Then there exists a real field extension F/E such that F is SAP, F 
does not have property Si, I^F = and {p{F), u{F)) = {p, u). In particular, 
u{F) = oo. 

Proof (i) If I^F = 0, then u{F) < 2 by jEL2l Prop. 1.8]. The result now follows 
from Theorem 12.41 and Proposition 12.61 

(ii) We proceed as in the proof of Theorem I2.4( ii) for the case (p, u) E Af and 
2n = u > 4, except for the definition of Fi, which now will be the power series field in 
one variable t over the field which was denoted by Fi in the proof of Theorem 12. 4( ii): 
Fi = Fo{xi,X2, . . . ,yi,y2, ■ ■ ■){(t))- We keep the notations for An, ipn, Ci{K), C^^K). 
We redefine C2{K): 

C2{K) = {(1, 1) ® (1, x, y, -xy) \x,y E K*] . 

We construct a tower of fields Fi C F2 C . . . as follows. Having constructed Fj, we 
let Fj+i be the compositum of all function fields of forms in Ci(Fj) UC2(-Fj) UC^{Fi). 
hetF = {jZi Fi. 

Exactly as in the proof of Theorem I2.4( ii). it follows that {u{F),p{F)) = {p,u). 
It remains to show that F is SAP and does not have property 5*1. 

Now by construction, for all x,y G F* we have that (1,1) (g) {l,x,y, —xy) is 
isotropic. In particular, each form {l,x,y, —xy) is weakly isotropic, which shows by 
Lemma O that F is SAP. 

Now let d = 1 + Xi and consider the form fim = rn x (1) 1_ t{l, —d) which 
is anisotropic over Fi by Springer's theorem. Let Li = Fi and L[ = F[ = 
Fq{xi, X2, ■ ■ ■ , yi, y2, • • •)• We now construct a tower of fields Li C L2 C . . . such 
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that Li will be the power series field in the variable t over some Li = L^{{t)), 
such that Fi C Li, and {Hm)Li anisotropic for all m > and alH > 1. This then 
shows that {^rnjPi is anisotropic for all m > 0, i > 1, and therefore {fim)F will be 
anisotropic for all m > 0. It follows that the torsion form {—t{l,—d))F does not 
represent any element in Dp^oo). Thus, F does not have property Si. 

Suppose we have constructed Li = L[{(t)). Note that necessarily Li is real as 
{iJ'TnjL, is anisotropic for all m > 0. Let Pi G X^/ be any ordering and M[ be the 
compositum over L'^ of the function fields of all forms (defined over L^) in 

C'{L'j) = {a\a indefinite at Pi, dim a > 3} . 

Let Mi = Mlit)). 

Now let p G Ci(Fj) U C-z^Fi) U C^{Fi) and consider By Springer's theorem, 

pLi = (3 -Ltj where f3, 7 are defined over L'^. Suppose p G Ci(Fj). Then p = px (1) ± 
{—b) with b G Dl.(oo). But then, up to a square, b G ^^.^(oo) and thus p^- G C'(L^). 
Hence, pMi is isotropic and therefore Mi{p)/Mi is purely transcendental. 

Suppose p = (1,1) ® {l,x,y, —xy) G C2{Fi). Then either p^. is already defined 
over L^, in which case it is a t.i. form of dimension 8 and thus in C'(L^). Or there exist 
a,be L'* such that p = (1, 1) O (1, a) ± 6t(l, 1) O (1, -a), then either (1, 1) (g) (1, a) 
is indefinite at Pi and thus in C'{L'j), or (1, 1) (1, —a) is indefinite at Pi and thus 
in C'(L^). In any case, we see that pa/. is isotropic, and again Mi{p)/Mi is purely 
transcendental. 

Finally, suppose that p G C3(Fj). Then p^,. G WtLi, and if we write p = (3 ± tj 
with /3 and 7 defined over L'^, then /3 G VTt-L^ and 7 G WtL'^. Now dimp > 6, and 
hence dim (3 > 4 or dim7 > 4. Hence (3 G C'{L[) or 7 G C'(L'.). As above, we 
conclude that pM^ is isotropic and that Mi{p)/Mi is purely transcendental. 

Now let Ni be the compositum of the function fields of all forms with a G 
Ci{Fi) UC2{Fi) UCsi^Fi). By the above, Ni/Mi is purely transcendental. Let -B be a 
transcendence basis so that Ni = Mi{B) = M[{{t)){B). We now put L[^^ = M[{B) 
and Lj+i = L[j^^(lt)) = Ml{B){{t)). There are obvious inclusions Fj+i C Ni = 
M[{(t)){B) C Ml{B){{t)) = Li+i. Since M| is obtained from L'^ by taking function 
fields of forms indefinite at Pi, we see that Pi extends to an ordering on and thus 
clearly also to orderings on Lj+i. 

It remains to show that Pm stays anisotropic over Lj+i. Now m x (1) is clearly 
anisotropic over the real field L'-^^. Also, {1,—d), which is anisotropic over L'- by 
assumption, stays anisotropic over L^_^_l as L^_^_l is obtained by taking function fields 
of forms of of dimension > 3 over L^ followed by a purely transcendental extension. 
By Springer's theorem, (pm)Li+i = (m x (1) ± t{l, —d))L.^-^ is anisotropic. 

To get the values of type {p,oo), (00,00), we adjust the above arguments as in 
the proof of Theorem I2.4( ii). 



(iii) This follows easily by combining the proof of part (ii) above with that of 
Theorem I2.4( iii). We leave the details to the reader. □ 
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Remark 2.8. Let K be any real field over E with u{K) = 2n and such that K is 
uniquely ordered. For n>2, such fields have been constructed in |H3l Th. 2]. The 
construction there can also readily be used to get such a for n = 1. 

Now consider F = K{{t)), the power series field in one variable t over K. By 
Springer's theorem, u{F) = An = 2u{K). Since K is uniquely ordered, we have 
that F is SAP (cf. |ELPt Prop. 1]). Since u{K) > 0, K is not pythagorean. So 
let d e Dxioo) \ K*^. Then the form (m X (1)) _L t{l,—d) is anisotropic for all m 
(again by Springer's theorem), and since —d) is torsion, we see that F does not 
have property 5*1. Hence u{F) = oo. 

This rather simple construction yields SAP fields with u{F) = 4n and u{F) = oo 
for all n > 1, but it does not provide examples where u{F) = 4n + 2, n > 1. 
Furthermore, one checks easily that it will not yield examples of SAP fields with 
u{F) = oo, u{F) > 4 and IfF = 0, which do exist by the above theorem. 

3. Fields with PN{n) and u{F) = 2"+^ 

In [B], Becher studies fields F that possess an anisotropic form (p such that any 
other anisotropic form over F is a subform of ip. It can be shown that such a form 
(fi is then necessarily an n-fold Pfister form for some n G Nq (called supreme Pfister 
form), in which case F is nonreal and u{F) = dimyj = 2". It is clear that any such 
field will have property PN{n — 1). A well known example of such a field is the 
iterated power series field F = C((Xi))((X2)) . . . ([Xn)), where the supreme Pfister 
form is given by {{Xi, . . . , 

This also shows that for any n > 2, there exist nonreal fields F with property 
PN{n) and u{F) = 2"+^. 

To get real fields with PN{n) {n > 2) and u{F) = u{F) = 2"+^, consider the 
real field K = Q{Xi, ■ ■ ■ , Let vr = ((2, Xi, . . . , One readily sees that n is 

anisotropic and torsion (since ((2)) = (1, —2) is torsion). Fix an ordering P G Xk- 
Now consider 

C = {field extensions L of K s.t. P extends to L and vr^ anisotropic} 

Clearly, i^' G C, C is closed under direct limits, and if L G C and L' is a field with 
K C L' C L, then L' G C. Then, by Theorem 6.1], there exists a field F e C 
such that for any anisotropic form ip over F, dimy^ > 2, one has that F{(f) ^ C. We 
claim that F has a unique ordering (which extends P), that F has PN{n) and that 
u{F) = u{F) = 2''+\ 

Now by construction, F is real with an ordering P' extending P. Suppose there 
exists Q G Xp with Q ^ P'. Let a & F such that a >p> and a <q 0, and 
consider q = (2"^^^ x (1)) 1_ {—a). Then q is anisotropic as it is positive definite 
at Q, and P' (and thus P) extends to F{q) as q is indefinite at P'. However, since 
dimg = 2"'"'"^ + 1 > 2""''^ = dimvr, tt stays anisotropic over F{q). Hence F{q) G C, a 
contradiction. Thus, Xp = {P'}. 
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In particular, since np is torsion and anisotropic, we have u{F) > 2"+^ Suppose 
u{F) > 2"+^. Then there exists an anisotropic t.i. form r with dimr > 2"+^. 
A similar reasoning as above shows that F{t) G C, again a contradiction. Hence 
u{F) < 2"+i and we have u{F) = u{F) = 2"+^ 

Now let ijj be any form of dimension 2" + 1 over F. If ijj is isotropic, it is easily 
seen to be a Pfister neighbor of the hyperbolic (n + l)-fold Pfister form. So assume 
that ip is anisotropic. Suppose first that ijj is t.i. and consider p — {ttf -L —ip)an- 
Then 2" — 1 < dim p. If dim p > 2" — 1 then dim p > 2"' + 1 = dim ^ and 
I sgup, p| = |sgnp, t/^I < 2" — 1, so in particular p is t.i. and thus P' extends 
to F{p). Since we cannot have F{p) e C, we must therefore have that npi^p) is 
isotropic and hence hyperbolic, so p is similar to a subform of TTp. Thus, there exists 
X & F* and a form 7, dim 7 < 2" — 1 with xnp = p -L 7. Thus, in WF, we get 
XTTp = TTi? _L —i/j _L 7. But TTp ± —XTTp G P„+2-^ is torsiou, therefore isotropic 
since u{F) = 2"+^ and thus hyperbolic (this actually shows that xnp = ttf for any 
X G F*). Hence, we have = 7 in WF with ip anisotropic and dim'^ > dim 7, 
a contradiction. It then follows that dim p = 2" — 1 and therefore ttf — p -i- i/^, 
showing that ip is a Pfister neighbor of np. 

Now suppose that ip is definite at the unique ordering P' of F. After scaling, we 
may assume that ip is positive definite. Let a — 2"+^ x (1) ^ Pn+iF. If ^ is a 
subform of a then it is a Pfister neighbor and we are done. So suppose that is 
not a subform of a and let 1] = {a 1. —ip)a.n- We then have that dimrj > 2" + 1 
whereas sgnpii] = 2" — 1. In particular, rj is t.i., and P' extends to F{ri). But 
F{rj) ^ C, so we must have that 'Kp{r^) is isotropic and hence hyperbolic, and as 
above we have that ttf = -L 5 for some form 5 with dim 5 < 2" — 1. In WF, we 
thus get a ± —Tip = _L —5 G I'^'^^F. Now since dim 7/^ = 2" + 1 > dim 5 + 2, we 
have that ip ± —5 is of dimension < 2"'"'"^ but not hyperbolic. By the Arason-Pfister 
Hauptsatz, we necessarily have that dim 5 = 2" — 1 and ■?/' _L — 5 G GPn+iF, so ip is 
a Pfister neighbor, showing that F has property PN{n). 

Let us finally remark that in this example, the proof shows that tt^ is the unique 
anisotropic torsion (n+l)-fold Pfister form over F, and that there arc two anisotropic 
(positive definite) (n + l)-foId Pfister forms, namely a and (cr _L — 7r)an- This also 
implies that I^+^F/I^'+^F = Z/2 x Z/2. □ 
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